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B a s e d  on the  " t r i p l e  ana logy"  b e t w e e n  the p r o c e s s e s  of h e a t  t r a n s f e r ,  d i f fus ion ,  and m o m e n t u m  
t r a n s f e r ,  we i n t r o d u c e  the concep t  of two independen t  s i m i l a r i t y  c r i t e r i a  to  d e s c r i b e  the  h y d r o -  
d y n a m i c s  of f luid mot ion ,  ana logous  to the  N u s s e l t  and Stanton n u m b e r s .  

The a g r e e m e n t  b e t w e e n  the  equa t ions  d e s c r i b i n g  the  t r a n s f e r  p r o c e s s e s  fo r  hea t ,  m a s s ,  and m o m e n -  
t u m  a r e  r e f e r r e d  to a s  the  " t r i p l e  ana logy"  [1]: 

q = - -  )~ grad T ~- - -a  a(pcp T). 
Og (1) 

] = - - D  grad C; (2) 

0 (9u) x = - -  ~t grad u ~ - -  ~ - - ,  (3) 
Og 

w h e r e  a,  D, and u a r e  the  c o e f f i c i e n t s  of m o l e c u l a r  t r a n s f e r .  P a r t i c u l a r l y  fo r  t u r b u l e n t  f lows,  t h e s e  g e n -  
e r a l l y  do not  l end  t h e m s e l v e s  to a n a l y s i s .  We a r e  t h e r e f o r e  c o m p e l l e d  to r e s o r t  to e m p i r i c a l  c o e f f i c i e n t s .  
The c o e f f i c i e n t s  a and/3 a r e  thus  i n t r o d u c e d  into the  p r o c e s s e s  of hea t  and m a s s  t r a n s f e r  by  m e a n s  of the  
r e l a t i o n s h i p s  

q := aAT, (4) 

] :-. flAG. (5) 

It is  not  a ,  but  the  r a t i o  c~/epp tha t  is  the  ana log  of/3 in hea t  t r a n s f e r .  

It fo l lows  f r o m  s i m i l a r i t y  t h e o r y  tha t  a and/3  can  be  u s e d  to f ind two d i f f e r e n t  d i m e n s i o n l e s s  n u m b e r s ,  
i . e . ,  the  N u s s e l t  n u m b e r  Nu and the  Stanton n u m b e r  St. 

F o r  the  h e a t - t r a n s f e r  p r o c e s s  we wi l l  thus  have  

Nu = aL (~ - - ,  St = - - .  
)~ CppU 

C o r r e s p o n d i n g l y ,  f o r  the  m a s s - t r a n s f e r  p r o c e s s  

Nun = e--L-L, Stm = A  
D u 

The i n t r o d u c t i o n  of such  n u m b e r s  is  p a r t i c u l a r l y  c onve n i e n t  b e c a u s e  the  N u s s e l t  n u m b e r  i s  c o n s t a n t  
fo r  p u r e l y  m o l e c u l a r  t r a n s f e r  ( p a r t i c u l a r l y  fo r  l a m i n a r  f lows) ,  wh i l e  fo r  t u r b u l e n t  f lows i t  is  the  Stanton 
n u m b e r  tha t  is  v i r t u a l l y  c o n s t a n t  [1, 4], b e c a u s e  of i t s  r a t h e r  w e a k  d e p e n d e n c e  on Re.  

S ince  a c o m p l e t e  p h y s i c a l  ana logy  e x i s t s  b e t w e e n  the  t r a n s f e r  p r o c e s s e s  of hea t ,  m a t t e r ,  and m o m e n -  
t um,  in ana logy  wi th  a and fl we i n t r o d u c e  the c o e f f i c i e n t  of m o m e n t u m  t r a n s f e r  (the c o e f f i c i e n t  of e x t e r n a l  
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friction) 7 according to the relationship 

-c = y A u .  (6 )  

In p a r t i c u l a r ,  f o r  the  cond i t i ons  of the  i n t e r n a l  p r o b l e m  (flow in tubes)  we have  To = YUav. 

The coe f f i c i en t  7 is  e x p r e s s e d  in uni t s  of [ML-2T-1],  s o  tha t  i t  is  not  the a c t u a l  c o e f f i c i e n t  3 /but  the  
r a t i o  y / p  tha t  is  the  ana log  of • and ce/Cpp; th i s  r a t i o  is  a l s o  e x p r e s s e d  in un i t s  of  l i n e a r  v e l o c i t y  ([LT-~]).  

Wi th  the  t r a n s f e r  coe f f i c i en t  i n t r o d u c e d  in th i s  m a n n e r  we f o r m  the  c o r r e s p o n d i n g  c r i t e r i a .  The 
N u s s e l t  n u m b e r  fo r  the  m o m e n t u m  t r a n s f e r  is  Nu T = y L / p  and the Stanton  n u m b e r  Sty. = #/pu .  

As fo l lows  f r o m  the  c o n c l u s i o n s  of s i m i l a r i t y  t h e o r y ,  the  N u s s e l t  and Stanton n u m b e r s  m u s t  be  func -  
t ions  of  the  c r i t e r i a  c h a r a c t e r i z i n g  the  p h y s i c a l  p r o p e r t i e s  of the  m e d i u m  and the n a t u r e  of the  mot ion ,  i . e . ,  
the  P r a n d t l  (Pr) and the  Reyno lds  (Re) n u m b e r s .  Since  the  m o m e n t u m - t r a n s f e r  p r o c e s s  is  i ndependen t  of 
P r  (Pr  r = v / ,  =- 1), i t  fo l lows tha t  

Nu~ = f (Re), St, = f (Re). 

We wi l l  d e t e r m i n e  th i s  func t iona l  r e l a t i o n s h i p  on the e x a m p l e  of the  i n t e r n a l  p r o b l e m ,  thus  a s s o c i a t i n g  
the  n e w l y  i n t r o d u c e d  c r i t e r i a  wi th  the  e a r l i e r  e m p l o y e d  h y d r a u l i c  c h a r a c t e r i s t i c s .  Since  i t  is  p o s s i b l e  to 
w r i t e  tha t  the  t angen t i a l  s t r e s s  

du 
"~ = - -  ~ t  d r '  

the  f r i c t i o n a l  f o r c e  F is  equal  to 

du 
F =  - -  ~ t S - -  

dr  ' 

w h e r e  S 2rrr0l is  the  f r i c t i o n  s u r f a c e ,  and the w o r k  of the  f r i c t i o n a l  f o r c e s  p e r  uni t  l eng th  (per  1 kg of 
l iquid  flow) * 

Fl 2~ Qll du 21 
L~ 

flp nr~lp dr ~p 

Hence  

Lrrop % -  
2l 

or ,  u s ing  the  h y d r a u l i c - r e s i s t a n c e  c o e f f i c i e n t  z,  

% = zp - -~- .  

Since  by  de f in i t ion  T 0 = 7Uav, we f ina l ly  f ind tha t  the  m o m e n t u m - t r a n s f e r  c o e f f i c i e n t  y is  equa l  to  

Z 
y = ~- PUav. 

S u b s t i t u t i n g  th i s  v a l u e  into the  e x p r e s s i o n s  f o r  Nu T and StT,  we can  w r i t e  

NUT= z Uav~do z Re 
8 ~ 8 

and 

Z 
St~ = - - .  

8 

S ince  fo r  a l a m i n a r  f low we have  
8vl 

L r = ~ o  2- Uav 

fo r  a p a r a b o l i c  law of  v e l o c i t y  d i s t r i b u t i o n  o v e r  the  c r o s s  s e c t i o n  [2], we find r 0 = 4 p U a v / r 0  and 3, = 4/~/r  0. 

* F o r  s i m p l i c i t y  of the  c o n s i d e r a t i o n  we wi l l  a s s u m e  tha t  the  f luid is  i n c o m p r e s s i b l e  and exh ib i t s  a d e n s i t y  
tha t  i s  c o n s t a n t  o v e r  the  c r o s s  s e c t i o n .  
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Consequently, for  a l aminar  flow we have 

NU~lam == 8 = const, 

which is what follows f rom the conclusions of s imi la r i ty  theory,  and namely,  

St,lain = 8/Re. 

Using this value, it is not difficult to find the famil iar  relat ionship for the hydrau l i c - r e s i s t ance  coef-  
fieient in the laminar  regime:  

64 

Re 

It is,  in par t icu la r ,  f rom the constancy of St r in the regime of developed turbulence that we draw the con-  
elusion that the coefficient  of hydraul ic  res i s tance  is constant and that it is independent of the flow reg ime.  

Having introduced the conditional concept of a reduced fi lm thickness,  according to the relat ionship 

we find 

~ = ~  do 
y - Nu~ 

For  a laminar  flow 

~lam:= t o .  
16 

In the case  of a developed turbulent  flow the averaged velocity over  the c ross  sect ion var ies  loga- 
r i thmical ly  [3]: 

= I/f "T~ __• lny§ 

Integration over  the ent i re  c ross  sect ion,  with considerat ion of the exper imental  data f rom [2, 3], 
yields 

- -  I 1,5r o 

Hence 
m 2  

- pUav 11.5ro't 2" 
%= ~Uav= (1.94+5.75 lg ~b-7- ] 

The express ions  for the dynamic analogs of Nu and St for  turbulent  flow will have the fo rm 

Re 
NU~tur b -- 

( 1.94+5.75 lg 1 l'5r~ ~ 
8bl 

and 

, l l . 5 r  o ~ - 2  
St~.turb= (1,94+5.751g ~ - 1  } =const.  

Since 

~bl 
11 .Sdo 11 .5~  

Re ]/St~ Uavl: St~ 

the velocity at the edge of the laminar layer can be defined as 
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u~ = ~bl Re St~uav= 11.5 U-av, SI-~. 
do 

It is not  diff icul t  to show the p r o c e d u r e  for  the e x p e r i m e n t a l  d e t e r m i n a t i o n  of Yturb '  Nu~' turb '  and St~-turb. 
Indeed,  s ince  [3] 

m 

Uraax~Uav ~- D = const, 
V, 

we find tha t  

--2 -- ) 2  
= PUav( Umax ~ 1 

Xo D-- ~ \ Ua--- ~- 

Then,  when D = 3.56, we have  [2] 

Yturb = 0.0785 PUav ( Umax 1 
Uav 

NU~turb- 0.0785 Re ( umax 1 )  
Uav 

( ): St~tur b = 0.0785 Urnax 1 
/2av 

The Nu 7 and St T in t roduced  in this  m a n n e r  a r e  a l so  e a s i l y  a s s o c i a t e d  with the wide ly  used  r e s i s t a n c e  
f a c t o r  f def ined by 

-2  
_ ~ pucp 
1.0~ l " -~.  

Indeed ,  if by def ini t ion T o = YUav , we have  

f _ 

V = ~ puav 

and then 

f Re, Sty= f Nu~ = -~- ~ - .  

Using the loca l  t u rbu i ence  t h e o r y  [4], we can  obtain  the r e l a t i o n s h i p  be tween  the c r i t e r i a  of  hea t  and m a s s  
t r a n s f e r  and the c r i t e r i a  newly  in t roduced  in the f o r m  

1 _ 1 j'  dr I 
- -  A (~1) ' St I St~ _l_  + 

o Pr 

1 i '~ d n 
r st-; - I + A(n_L 

0 'V 

The v a r i a b l e  ~7 is i n t roduced  a c c o r d i n g  to the r e l a t i o n s h i p  

'V 

Accord ing ly ,  f r o m  the P rand t l  h y p o t h e s i s ,  on a l a m i n a r  s u b l a y e r  of t h i cknes s  51, we will  have  

St-1 =St j1  + Uav6l (Pr - -  1) = St~ < + Re~, (Pr - -  1), - 

whi le  a c c o r d i n g  to the Landau  and Lev ich  t h e o r y  [5, 6], f o r  l a r g e  va lues  of the P rand t I  n u m b e r ,  we have  

2 
St pra/4 ~ - - n l ,  2 Sty. 
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In the last  express ion n is a universal  empir ical  dimensionless  constant. 

Equating (3) and (6), we find 

d u  
7hu = - -b t  gd--' 

f rom which, after  simple t ransformat ions ,  we wilt have 

o r  

Analogously we can wri te  

yL du L 
- Nut - 

dg Au 
du / dy _ du 

au / L d[j 

Nu~ = - -  grad u. 

Nu = - -  grad T, Nu~, = --grad C. 

Consequently, a general  rule is the equality between the Nusselt  number and the gradient of the c o r -  
responding field, in dimensionless  coordinates.  

We can thus see that the newly introduced dynamic analogies of the Nusselt and Stanton numbers  for 
momentum t rans fe r  are  well coordinated with sys tem of ea r l i e r  used c r i te r ia  and make it possible uniquely 
to descr ibe  the t rans fe r  p rocesses  of heat, matter ,  and momentum in laminar  and turbulent flows. 

q 

J 
T 

D 
Y 

T 
C 
U 

P 
Cp 

a , p ,  7 
Nu 
St 
Re 
Pr  
y , / , r ,  d 
F 

L r  
M 
L 
l 

5b.l 
a v  

lain 
turb 
max 
0 

N O T A T I O N  

Ls the heat flux; 
is the diffusion flux; 
~s the tangential [shear] s t ress ;  
,s the thermal  diffusivity; 
is the diffusion coefficient; 
~s the kinematic viscosity;  
is the thermal  conductivity; 
~s the dynamic viscosity;  
~s the temperature ;  
~s the concentration; 
~s the velocity; 
is the density; 
Ls the specific heat capacity; 
are  the t r ans fe r  coefficients for  heat, matter ,  and momentum; 
is the Nusselt number; 
is the Stanton number; 
is the Reynolds number; 
is the Prandtl  number; 
are l inear dimensions; 
is the force of surface friction; 
is the work of the f r ic t ion forces;  
is the mass;  
is a charac te r i s t i c  dimension; 
is the length; 
is the boundary- layer  thickness; 
denotes an average; 
denotes laminar  flow; 
denotes turbulent flow; 
denotes the maximum; 
denotes the tube wall. 
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